A model for n superparticles in (d − n, n) dimensions is proposed. In addition to target space supersymmetry that involves a product of n momentum generators, the action also has n(n + 1)/2 local bosonic symmetries and n local fermionic symmetries. The precise relation between this model and related ones in the literature is explained. We also present a new model for superparticles in arbitrary dimensions where coordinates are associated with all the p-form charges occuring in the superalgebra. The model naturally gives rise to the BPS condition for the charges.
Introduction
Consider supercharges Q α in (d − n, n) dimensions where n is the number of time-like directions.
Let the index α label the minimum dimensional spinor of SO(d − n, n). In the case of extended supersymmetry, the index labelling the fundamental representation of the automorphism group is to be included. We will suppress that label for simplicity in notation. Quite generally, we can contemplate the superalgebra
where Z αβ is a symmetric matrix which can be expanded in terms of suitable p-form generators in any dimension by consulting Table 3 provided in the Appendix. The Z generators have the obvious commutator with the Lorentz generators, which are understood to be a part of the superalgebra.
Next, consider dimensions in which the n th rank γ-matrix is symmetric 2 . In (d − n, n) dimensions, setting the n th rank generator equal to a product of n momentum generators [1] and all the other Z generators equal to zero, one has
Motivations for considering these algebras have been discussed elsewhere (see [1, 2, 3, 4] , for example). The fact they can be realized in terms of multi-particle systems was pointed out in [2] .
The purpose of this note is to generalize the model of [3] for n = 2, 3 superparticles in (8 + n, n) dimensions to n superparticles in (d − n, n) dimensions (Sec. 2), and to explain its precise relation to the action and symmetries of [5] (Secs. 3 & 4) . In particular, we will show that the n particle model has n fermionic symmetries (Sec. 3), thereby extending the result of [5] where a single such symmetry was exhibited.
In Section 5, we will present a new model where coordinates are associated with the supercharges and all the bosonic generators occuring in their anticommutator. This model provides a realization of the p-form charges and it gives rise to the BPS condition. The model is rather universal and it works in arbitrary dimensions. We will see that there exists a particular reduction of the model which resembles the model discussed in Sec. 4. The new model is hoped to provide a general scheme for realizing supersymmetry in dimensions beyond eleven, and to be more suitable for a brany generalization, in comparison with the previously considered superparticle models.
2
An Action for n Superparticles in (d − n, n) Dimensions
We consider n superparticles which propagate in their respective superspaces with coordinates
where dim Q is the minimum real dimension of an
G is the automorphism group. Working in first order formalism, we also introduce the momentum variables P i µ ( τ ) and the Lagrange multipliers e ij ( τ ). The superalgebra (2) can be realized in terms of the supercharge
where
and, using the notation of [5] , we have defined
The spinorial derivative is defined as ∂ iα = ∂/∂θ iα , acting from the right. The transformations generated by the supercharges Q α are
and using the notation of [5] 
We use a convention in which all fermionic bilinears involve γC-matrices with the charge conjugation matrix C suppressed, e.g.θγ µν dθ ≡ θ α (γ µν C) αβ dθ β . Otherwise (i.e. when there are free fermionic indices), it is understood that the matrix multiplications involve northeast-southwest contractions,
Next, we define the line element
The line element (11) is not invariant under supersymmetry, but it is defined such that
transforms into a total derivative as
. Using these ingredients, we consider the following action for n superparticles in (d − n, n) dimensions:
This action agrees with that of [3] for n = 2, 3 superparticles in (8 + n, n) dimensions, and with that of [5] for n superparticles in (d − n, n) dimensions in a manner which will be detailed in Sec.
3.
The action (12) is invariant under the supersymmetry transformations (6) and local bosonic symmetry transformations
where the transformation parameters have the time dependence Λ ij ( τ ). The action (12) also has the following local fermionic symmetries
where κ ij ( τ ) is the parameter for the j th κ-symmetry of the i th particle. These generalize the usual κ-symmetry of a single superparticle. In showing the κ-symmetry, the following lemmas are useful:
The commutator of two κ-transformations closes on-shell onto the Λ-transformations
where the composite gauge transformation parameter is
It is clear that the remaining part of the algebra is [δ κ , δ Λ ] = 0 and [
Finally, we record the field equations that follow from the action (12):
Single τ , Single θ Reduction
The General Case
Various reductions of the model presented above are possible. In particular, let us consider the
The last identification is made in view of the fact that all fermionic variables are identified. The cosequence of these identifications is that we get the action
The supersymmetry and bosonic symmetry transformations are as before, namely as in (6) and (13), where now d = ∂/∂τ . The κ-symmetry transformations (14), on the other hand, reduce to
The commutator of two κ-transformations closes on-shell onto the Λ-transformations as in (18), with the composite parameter (19) given by
The field equations (20) reduce to:
Other reductions of the model are also possible. For example, in [3] we considered a situation in which X i , P i , θ i and κ ij depended only on τ i .
Single κ Reduction and Trivial Symmetries
In order to facilitate comparison of the reduced model with that of [5] , we take a particular form of the κ i symmetry given by
which defines the single κ-symmetry parameter κ. The transformations (24) now take the form
where we have used the lemmas
We can use the field equations in the last transformation rule so that δ κ e ij = 0, but we shall not do so in order to compare our results with those of [5] . We will show that the bosonic gauge symmetries (13) and the κ-symmetry transformations (28) are equivalent to those given in [5] . To do this, we shall make use of trivial gauge transformations that are proportional to equations of motion.
In any field theory involving a collection of fields Φ A , there always exist a trivial gauge symmetry that is proportional to the equations of motion:
where the arbitrary and possibly field dependedent transformations parameters are only required to be graded antisymmetric: ω AB = −(−1) AB ω BA . In our case, we have the set of fields
The field equatios we will need for the purposes of this section are δL/δX
Now, consider a special subset of these transformations, involving the (X, P ) equations of motion,
given by
Choosing the transformation parameter ω i j as
where e ij ≡ (e −1 ) ij , we find that the sum of the Λ-transormations (13) and the ω-transformation (33) with parameter (34) give
These are precisely the bosonic gauge transformations of [5] . Note that while the Λ-transformations (13) close off-shell, the combined (δ Λ + δ ω ) transformations (35) close on-shell.
Next we turn to the κ-transformation rules (24). It will be sufficient to consider the ω-transformations that involve the (X, P, θ) equations of motion
where we have suppressed the spinor indices on ω iµ . Calculating the sum of the κ-transformations (28) and the ω-transformations (36) with parameters
we find that the combined δ κ + δ ω transformations yield
These are precisely the κ-transformations of [5] , apart from a sign factor in certain dimensions in the last equation (see the Appendix for the relevant symmetry properties of the γ-matrices ).
A New Model and the BPS Condition

The General Case
The model described above picks out the n th rank antisymmetric bosonic generator in the algebra (1). Furthermore, a polynomial in momenta occurs in the definition of the 'torsion' tensor, making it difficult to interpret the model in curved space. This led us to consider a different realization of the algebra (1). We take the most democratic point of view and define a generalized superspace in which coordinates are associated with Q α and Z αβ :
In addition, we introduce the momenta P αβ (symmetric) and the Lagrange multipliers e αβ with the same symmetry property of the charge conjugation matrix (see the Appendix):
The enlargement of the superspace at this scale, where the bosonic coordinates do not necessarily include the familiar Lorentz vector X µ need not alarm us, because the model may allow reductions to familiar settings in lower dimensions, and at the same time give rise to new physical situations.
Having defined the basic fields of the model, we propose the following action
and (P 2 ) αβ ≡ P αγ P γ β . The raising and lowering of spinor indices is with charge conjugation matrix C which has symmetry property (39).
The bosonic symmetry of the action takes the form
In addition, there is a trivial bosonic Σ-symmetry given by
where the parameter is antisymmetric: Σ αβ = −Σ βα and ǫ 0 is defined in (39). The action (40) has also fermionic symmetries. Firstly, it is invariant under the global supersymmetry transformations
which clearly realize the algebra (1). The action (40) also has local κ-symmetry given by
Recall that C T = ǫ 0 C. These transformations close on-shell on the bosonic Λ-transformations and Σ-transformations:
where the composite gauge transformation parameters are
[α dκ
The field equations that follow from the action (40) are
In particular (48) implies
which is the familiar BPS condition. We will come back to this point below.
The last equation can be solved for P yielding the result
and the definition
is to be applied to every term that results from the expansion of E in e. Substituting (52) into the action (40), we find
Going back to the first order form of the action (40), it is possible to introduce a constant mass parameter m by shifting everywhere the momenta P αβ occur (including the κ-symmetry transformations) as M assive M odel :
The charge conjugation matrix C αβ has to be symmetric, i.e. ǫ 0 = 1, for this to make sense.
A Reduction of the Model
There exists an interesting reduction of (40) yielding an action analogous to that of the previous section. Consider the ansatze
where the spinor indices are suppressed. Recall the definitions (5) and (8) and used the lemma Γ 2 = (−1) n(n−1)/2 det M . The Λ-symmetry transformations (42) reduce to
The Σ-symmetry (43) becomes trivial, while the κ-symmetry transformations (45) take the form
The action (56) and its symmetries are similar to those of the model discussed in the previous section, but they are not quite the same. The last term in the new action is different and it gives the on-shell condition
as opposed to M = 0 of the previous section. Recall that M ij ≡ P i µ P jµ .
For two particles, for example, the condition (59) means that either P 1 = λ P 2 , where λ is an arbitrary constant, or P i · P j = 0 (i, j = 1, 2). In the first case M has rank one and P µν = 0, while in the second case M has rank zero and P µν = 0. To satisfy (59) in general, either two or more momenta should be parallel, in which case P µ 1 ···µn = 0, or they should all be perpendicular to each other in which case M = 0 and P µ 1 ···µn = 0.
An Example in (2, 2) Dimensions
It is useful to consider a simple example to see what the action (40) and the condition (48) mean.
Therefore, let us consider a (2, 2) dimensional spacetime with pseudo Majorana spinors. Then, we have the expansion
Curiously, there are ten coordinates in total. Substituting this into the action (40), and denoting fields that occur in the γ-matrix expansion of the antisymmetric e αβ by (e, φ, φ µ ), we obtain
Note, in particular, the κ-symmetry transformation of θ:
The constraints on momenta resulting from the (e, φ, φ µ ) equations of motion, equivalent to the single equation (P 2 ) αβ = 0, are
There are a number of ways to satisy these conditions. For example, introducing a vector Q µ , we have the solution
Observe that the vectors P and Q do not have to be null or orthogonal, though they can be so as a special case. Another solution is obtained by using two mutually orthogonal null vectors P i µ (i = 1, 2) as follows
corresponding to the two-particle model of Sec. 4.
Conclusions
We have presented a simplified form of the gauge and κ-symmetry transformations of an n superparticle system in (d − n, n) dimensions. We have generalized this model to a rather universal one which realizes all the brane charges of the superalgebra and gives rise to an on-shell condition that includes the BPS condition. In this model, one need not set the n th rank brane charge into a product of n-momenta, though this is a partricular solution to the on-shell condition.
The meaning of physical degrees of freedom and the nature of target space wave equations in presence of the p-form coordinates requires a better understanding of the representation theory behind the general superalgebra (1) . Since the model is supersymmetric, whatever the degrees of freedom are, they must form a representation of the underlying superalgebra that survives the BPS condition. We refer the reader to [1] for a discussion of how these kind of superalgebras may be used in unifying the perturbative and nonperturbative states of M -theory.
The string and higher brane generalization of the new model should be of great interest and we hope to report on this problem elsewhere [6] . In fact, an attempt was made sometime ago to introduce p-form coordinates in trying to build a new type of string action (in eleven dimensions) [7] , but the problem of how to achieve κ-symmetry was never resolved [8] .
The new model presented here should also give some clues for the realization of the M -algebra super p-form charges [9, 10] . The role of the new coordinates in the realization of duality symmetries, and as a separate development, in a covariant matrix formulation of M -theory, are some of the other aspects of the new model that merit further study. In bold cases, an extra Weyl condition is possible.
